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FOREWORD 
This report was prepared by North American Aviation, Inc., Space 
Division, under NASA Contract NAS9-4552, for the National Aeronautics and 
Space Administration, Manned Space Flight Center, Houston, Texas, with 
Dr. F. C. Hung, Program Manager and Mr. P, P. Radkowski, Assistant 
Program Manager. This work was administered under the direction of 
Structural Mechanics Division, MSG, Houston, Texas with Dr. F. Stebbins 
a s  the technical monitor, 
This report is presented in eleven volumes for  convenience in handling 
and distribution, A11 volumes a r e  unclassified. 
The objective of the study was to develop methods and Fortran IV 
computer programs to determine by the techniques described below, the 
hydro-elastic response of representation of the structure of the Aj?ollo Com- 
mand Module immediately following impact on the water, The development 
of theory, methods and computer programs i s  presented a s  Task I Hydro- 
dynamic Pressures,  Task 11 Structural Response and Task I11 Hydroelastic 
Response Analysis, 
Under Task I - Computing program to extend flexible sphere using the 
Spencer and Shiffman apprcsch has been developed. Analytical formula,tion 
by Dr. Li  using nonlinear hydrodynamic theory on structural portion is 
formulated. In order to cover a wide range of impact conditions, future 
extensions a r e  necessary in the following items: 
a. Using linear hydrodynamic t h c ~ r y  to include horizontal velocity 
and rotation. 
b. Nonlinear hydrodynamictheory to develop computing program on 
spherical portion and to devslop nonlinear theory on toroidal and 
conic sections, 
Under Task I1 - Computing program and User's Manual were developed 
for nonsymmetrical loading on unsymmetrical elastic shells, To fully 
develop the theory and methods to cover realistic Apollo configuration the 
follawing extensions a r e  recommended: 
a. Modes of vibration and modal analysis. 
b, Extension to nonsymmetric short time impulses, 
, Linear buckling and slasto-plas tic analysis 
These technical extension8 will not only be useful for Apollo and 
future Apollo growth configurations, but they will also be of value to other 
aeronautical and spacecraft programs. 
The hydroelastic response of the flexible shell is obtained by the 
numerical solution of the combined hydrodynamic and shell equations, The 
results obtained herein a r e  compared numerically with those derived by 
neglecting the interaction and applying rigid body pressures  to the same 
elastic shell, The numerical results show that for an axially symmetric 
impact of the particular shell studied, the interaction between the shell and 
the fluid produces appreciable differences in the overall acceleration of the 
center of gravity of the shall, and in the distribution of the pressures  and 
responses, However the maximum responses a r e  within 15% of those pro- 
duced when the interaction between the fluid and tl- shell  i s  neglected. A 
brief summary of results i s  shown in the abstract- of individual volumes. 
The volume number and authors a r e  listed on the following page. 
The contractor's designation for  this report  is SID 67-498. 
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ABSTRACT 
The object of this study i s  to describe the hydro- 
elastic interaction between a shell of revolution and 
an incompressible fluid upon vertical impact, During 
the impact, the deformation of the body (in particular, 
i ts rate of deformation) interacts with the fluid flow to 
produce oscillating pressure  distributions on the wetted 
surface of the body. The hydroelastic response of the 
flexible shell i s  obtained by the numerical solution of the 
combined hydrodynamic and shell equations. The results 
obtained herein a r e  compared. numerically with those 
derived by neglecting the interaction and applying rigid- 
body pressures to the same elastic shell. The numerical 
results show that for an axially symmetric impact of the 
particular s'hell studied, the interaction between the shell 
and the fluid produces appreciable differences in  the over- 
all  acceleration of the center of gravity of the shell, and 
in the distribution of the pressures and responses. How- 
ever, the maximum responses a r e  within 15% of those 
produced when the interaction between the fluid and the 
shell i s  neglected for the cases being studied. 
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v~ initial impact velocity 
Shell Analysis 
-
a reference length 
s meridional coordinate 
0 '. circumferentia,l coordinate 
NI;, No, N$e membrane forces 
M'tMe8MSe bending moments 
Nee tfiee modified membrane shear and twisting moment 
ue J u e J w  rneridional, circumferential, and normal 
displacements 
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T dimensionless time 
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m(n) S Fourier coefficient of mss; disnal bending moment 
n Fourier index 
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solution column matrix 
INTRODUCTION 
When a flexible shell of revolution impacts upon a fluid surface such 
a s  water ,  high p res su res  a r e  generated on the shell surface,  causing rapid 
deformation3 of the shell relative to  i t s  center  of mass .  These deformations 
and their  t ime rates  of change interact with the fluid t o  modify the pattern 
of flow about the shell and the subsequent shell deformations. It i s  the pur-  
pose of this paper to  study the interaction between the flexible shell and the 
fluid, and to  determine the response of the shell during impact. In a p r e -  
vious volume, the impact phenomenon was studied on the assumption that 
there was no interaction between the shell and the fluid. The p res su res  
obtained for  a rigid body were applied to  a n  elastic shell a s  a, time-dependent 
forcing function. The responses thus obtained serve  a s  a comparison for  
the results of the present section, in  which the interaction is accounted for .  
The study of the impact of shell s t ruc tures  into wate: f inds application 
in the problems associated with the water landings of spacecraft ,  the water 
entry of torpedoes, and the slamming of ships i n  heavy seas .  Surveys of the 
l i terature  concerning water impact have been made by Chu and ~ b r a r n s o n ~  
and by Szebehely and Ochi. 3 
Von ~ $ r m & n  was apparently the f i r s t  to  study the  impact of s t ructures  
into fluids in  his paper on the impact of seaplane floats.  In that study, he 
considered the vertical  impact of a rigid V-wedge into an incompressible 
fluid, and determined the forces  on the wedge by applying to  "Le unsteady 
hydrodynamic problem the known steady-state solutions for  the flow about a 
long flat plate. Various modifications of the basic  idea have since been made 
by wagner5 and by Bisplinghoff and Doherty. A study of the impact into 
water of a flexible wedge made of elastic plates (representing the hull of a 
ship) has  been presented by Meyerhoff. He used an incompressible poten- 
tial flow theory together with a modal analysis to  determine the p res su res  
and resulting plate responses.  The impact of rigid spherical bodies has  been 
studied by Shiffman and spencer8 and by Korkegi. 9 Korkegi used the known 
solution fo r  the flow about a c i rcu lar  disc  t o  obtain the unsteady p res su re  
profiles on an  impacting sphere during the period when the depth of panetra- 
tion i s  small  and the overall forces  on the sphere a r e  large.  We shall extend 
this idea to  the case  of the flexible shell of revolution. 
In the present problem, where the velocity of the shell is much l e s s  
than the acoustic velocity of water,  the maximum overall  forces  occur in  the 
millisecond range. Since the effects of compressibility and air bubbles occur 
within the microsecond range, i t  is assumed that their  effect on the overall  
shell dynamics i s  negligible. Thus the motion of the fluid about the shell can  
be adequately described by incompressible potential flow, 
L In Reference 1, a general numerical procedure was developed to calcu- 
late the response of thin elastic shells of revolution subjected to  a rb i t r a ry  
time-dependent loads. The dynamic analysis was based on Sanderst  l inear  
shell theory, lo  and involved a n  extension of the numerical procedure devel- 
oped by Budiansky and ~ a d k o w s k i l l  f o r  the static analysis of shells.  A finite 
difference technique of time-wise integration known a s  Wouboltts method 12 
was applied to  the shell equations to  determine the shell response, Such a 
method will be combined with the hydroelastic analysis t o  yield the hydro- 
dynamic response of the flexible shell in  question. 
HYDRODYNAMIC ANALYSIS 
For  problems in  hydrodynamics where viscosity i s  negligible and the 
flow i s  irrotational,  the most convenient methods of solution a r e  based upon 
the theories of potential f . 1 0 ~ .  If the fluid i s  a lso i n ~ o m p r ~ s s i b l e ,  the poten- 
t ial  Q, satisfies the Laplac,e condition 
The p res su re  in  the fluid i s  related to  + through Bernoullit s equation 
During the impact, the flaid i s  displaced by the penetrating shell, and a thin 
sheet of fluid envelops Lhe shell, a s  shown in Figure 1, where the f r e e  s u r -  
face of the resulting splash i s  denoted by Fn. Oil this  f r e e  surface the p r e s  - 
sure  must be equal to  the ambient p res su re .  Following Shiffman and 
Spencer, it will be assumed that the second t e r m  in Bernoull i ts  equation i s  
small  compared with the f i r s t .  In addition the effect of the spray root is 
neglected and i t  will be a s s i r rn~d  that the f r e e  surface remains plane during 
the impact .  The re su l t i ngp l ana r su r f ace i sdena t edbyF  I t fo l lowsf rom 
Equation 1 that P' 
According to  this model, the fluid f3 ow may be analytically continued into 
the upper half space, and the impact phenomenon may be regarded a s  being 
related to the flow of fluid about a continually expanding immersed  body 
having the shape of a lens formed by the reflection of the wetted shell surface 
into the upper half space. In order  to determine the potential +, we shall 
represent the wetted surface of the penetrating shell by a n  expanding flat 
disc of equal radius. The radius c of the wetted surface i s  related to  the 
radius of curvature of the shell R(6) and to  the depth of penetration b. If 
b/R<< 1, then 
For  a shell whose change in curvature i s  small in the neighborhood of the 
impact point 
so that, approximately I 
The use of an oblate spheroidal coordinate system is found to  be most 
convenient, since both the disc and the planar f r ee  surface a r e  distinct coor- 
dinate surfaces. The focal distance is equal to  the diameter of the disc. 
The relationship between the oblate spheroidal coordinate systern and the 
yoiar coordinate system i s  
The quadric t;= constant is an oblate spheroid, and the quadric p = constant 
i s  a hyperboloid of revolution. The surface p = 0 coincides with the planar 
f ree  surface F , while the surface 6 = 0 coincides with the disc. P 
At any instant, the absolute velocity V of a point on the shell is com- 
posed of two portions: the rigid-body velocity V, and the component v due 
to the structural deformations of the shell. Thus 
Along the wetted surface at  = 0 ,  the particle velocity normal to the surface 
i s  equal t o  the surface velocity, thus 
By expressing the distribution of structural velocities v a s  a Fourier  
expansion in the circumferential angle 01, we may write 
Thus, the boundary condition 8 becomes 
The velocity potential satisfies Laplacet s equation 
CO 
A solution to Equation 12  i s  of the form 
a 5  
where pmn(p) i s  the associated Legendre spherical harmonic of the f irst  
kind of degree m and order n, and omn (it) i s  the associated Legendre 
function of the second kind of degree m and n,  having an imaginary argument. 
Because 
= - cp ( t)  t x v  (p, t )  cos no1 . 
n 
n 
pntZstl(0) = 0, (14) 
the free surface condition 3 i s  satisfied by Equation 13 if 
<=o n= 0 1 
By making use of the orthogonality relation 
where 
it may be shown f rom Equation 11 th.at 
The velocity potential is  now completely specified during the im-pact if 
vn and V a r e  known, 
The pressure  on the disc is given by 
F r o m  Equation 13, therefore 
It may be shown f r o m  Equation 6 that 
The transformation 
relates  the coordinates p and r ,  and hence 
Furthermore, it may be shown, using the definition of 
Qk (ig) in Reference 13, that 
Substituting Equations 17, 20, 22, and 23, into Equation 19, we find that the 
pressure on the disc i s  
where 
When the shell i s  !.ymmetric about the center of the wetted surface, then n 
takes on the value zero in Equation 24. The f irst  t e rm  on the right-hand 
side of Equation 24 i s  the pressure due to the rigid-body motion, while the 
infinite series represents the contribution of the structural deformations. 
A namerical procedure for determining the structural response i s  given in 
the next section. 
DYNAMIC RESPONSE OF SHELLS OF REVOLUTION 
A general numerical procedure for  the determination of the dynamic 
response of shells of revolution subjected to  a rb i t r a ry  loads was presented 
in Reference 1. The technique to solve the dynamic problem combined the 
Houbolt method of timewise integration 12'  l 4  with an extension of the nurnar- 
ical procedure developed by Budiansky and Radkowski f o r  the static analysis 
of shells,  Since the details of the dynamic shell analysis a r e  given in 
Reference 1, only a brief outline of the technique will b e  given he re ,  
The equations of motion f o r  a shell of revolution based on Sanders '  
theory lo  a r e  given by 
where the nondimensional t ime  and space variables T and 5 a r e  related to  
the respective dimensional quantities t and s by the expressions 
In these forinulas, h is the shell thickness, m o  is the m a s s  density, Eo is 
a reference Young' s modulus, and a i s  a reference length. The s t r e s s  
resultants and displacements a r e  i l lustrated in Figure 3 .  In Equations (25) 
the effects of t ransverse  shear  distortion have been neglected. 

where the subscript i r e fe r s  to the station 1ocati.m along a meridian and j 
i s  the discrete  increment of t ime.  The mat r ices  Ail Bi, Ci, and g i , j  a r e  
described in Equations 28-33 1 of Reference 1. 
The method used to  solve the above equation i s  a direct mat r ix  elimi- 
nation technique (Pot te rs t  method 15) which i s  described in detail in Refer-  
ence I 1. The basic procedure involves relating ni t o  z i + l ,  j hy expressions 
, j 
of the form 
-I- xi (i = 1, 2 , ,  , , , N-I) ,  "i, j " - 'izi+l, j , j ( 3  1) 
where 
F r o m  Equations 3 1 and the 
be calculated a s  follows: 
All the remaining zi, j a r e  
l a s t  of Equation 30, the cor rec t  value of z can N, j 
calculated in  the r eve r se  o rde r  using Equation 31 
starting f rom the calculated value ZN The computations involve only 
, j. 
inversions of 4 X 4 matr ices .  
The t e r m s  gi, j in  Equation 30 and i n  turn the solution zi depend on 
, j 
the previous solutions zi, jA ,; zi, j-2, zi, j -3, TO s ta r t  the process  a t  
j = I ,  gi, 1 i s  d e t e r d n e d  f rom the known initial conditions, and the resuhing 
equations a r e  solved by Pot ters '  method to give zi, 1. By using ei, 1 and the 
initial conditions, gi, 2 i s  computed, and the resulting equations a r e  solved 
for  zi, 2.  The cycle i s  repeated to  determine subsequent values of zi, j, 
It should be noted that the solutions si, j obtained above represent  the 
shell response for  a partic1:lar Four ier  index n, F o r  the general case  of 
unsymrnet ric loads, the complete solution is  obtained by performing the 
apprapriate summation of the Fourier coeffic'ent s, 
./ 
CALCULATION OF THE HYDROELASTIC INTERACTION 
The pressures  acting on the shell  during the impact a r e  given by 
Equation 24, and a r e  dependent on the rigid-body motion and on the s t ruc tura l  
deformations. In Equation 24, we observe that the p res su re  contains a 
singularity a t  the edge of the wetted surface r = c. The singularity appears  
because we have neglected the spray root and have l inearized Bernoulli 's  
equation. This singularity is not crit ical ,  however, since the force obtained 
by integrating the pressure  is finite. A$ the edge of the wetted surface,  the 
singular pressure  i s  specifically integrated and the resulting force is averaged 
over the entire s2atial increment which contains the singularity. 
A numerical procedure has been described for  determining the dynamic 
response of the shell due i o  applied surface loads. The hydroelastic inter-  
action between the flexible shell  and the fluid is determined by combining the 
hydrodynamic and shell  response calculations a t  each t ime interval. The 
combination of the two calculations is il lustrated schematically in Figure 4. 
During each time cycle, smal l  changes in the velocity of the shell  
produced relatively large changes in pressure.  To ensure  convergerice, i t  was 
found necessary to i terate the solution between the p res su re  calcciation within 
each time cycle a s  illustrated in Figure 4. In general., the pre.ssures con- 
verged to within 1% of their  previous values within 5 to 15 i t e~a t ions .  
Occasionally, (particularly a t  la ter  t imes in  the solution) a cycle took up to  
20 iterations to converge. The total  upward force on the shell  is computed 
by numerically integrating the p res su re  over the wetted shell  surface.  The 
magnitude of this force then determines the rigid-body velocity V and the 
accelerations A of the center of gravity. 
NUMERICAL RESULTS 
The hydroelastic analysis described in this report  was programmed for 
solution on a digital computer (IBM. 7094):k. Numerical results a r e  presented 
below for  a sample problem sinlulating the vert ical  impact of a typical 
re-entry vehicle during water impact. 
The model considered is a shallow spherical shel l  to which a hebvie r 
m a s s  i s  rigidly attached so that their  combined weigh'c i s  10,000 lbs. (see 
Figure 1). The radius of curvature of the shell  middle surface i s  175, 6 ins. , 
and the opening angle is 19.53 ", For  convenience, an axisymmetric problem 
is considered (i. e. , the impact point ceincides with the apex of the shell) and 
only the Four ier  component corresponding to  the index n = 0 is required. The 
shell  propert ies  and initial impact conditions a r e  identical to those of the vehicle 
studies in Reference 1, where the interaction was neglected. The stiffness 
properties were selected to be character is t ic  of a sandwich o r  layer shell  
configuration which is  typically used in re-entry shel l  s t ructures .  The 
extensional stiffness (b) and the flexural stiffness (d) of the shell  a r e  both se t  
6 equal to 3.33 x 10 lbs. / in . ,  which corresponds to a sandwich shell  having 
0.05 in. s tee l  facings m d  1. 95 in. honeycomb core.  It should be recognized 
that this configuration was selected for illustrative purposes and that t r ans -  
ve r se  shear  distortion effects, although neglected in this analysis,  may be 
significant for such a sandwich configuration. Other propert ies  of the shel l  
a r e  as  follows: Mass p e r  unit surface a r e a  (moh) = 9.7 x l o m 4  lbs. sec. 2/in. , 
6 Poisson 's  ratio v = 0.35, and modulus of elasticity E = 29.7 x 10 psi. To 
make the calculations of the dynamic response, a t ime interval of 0. 1 ms. 
was used (see Reference l) ,  together with 120 station points along the shel l  
meridian. 
The results of the numerical calculations derived from the model in 
Figure 1 a r e  i l lustrated in Figures 5 to 13. In Figure 5 we show the 
acceleration A of the center of gravity of the vehicle during impact. The 
maximum acceleration of 30. 0 g i s  rea.ched a t  6. 9 ms .  af ter  the impact. As 
a comparison, we have included the acceleration A of the same body when no 
interaction i s  present.  The maximum acceleration in this case  i s  17. 7 g a t  
7. 5 ms.  It is seen that the inclusion of the interaction in the calculations 
)8A use r ' s  manual for  the computer program is given invo lume  6 of this 
report. 
produces a 70% increase in the acceleration experienced by the cent.er of 
This situation may be of imporatnce in the design of manned 
spacecraft, 
Figure 6 shows the pressure at the apex of the spherical shell, We 
observe that when interaction is preserit, the pressures a re  considerably 
attenuated during the first few milliseconds after impact. They subsequently 
increase, and oscillate about the rigid-body pressures. Figure 7 shows a 
three-dimensional plot of the pressures a s  a function of time and of radial 
distance from the impact point. The oscillation of the pressures at  all points 
is clearly noticeable, as  is the propagation of the peak pressure at the edge 
of the wetted surface. 
The s t ress  and displacement responses a r e  illustrated in Figures 8 to 
13. Figure 8 shows the displacement W at  the apex of the shell, while 
Figure 9 shows the variation of displacement W a s  a function of time. The 
shell velocity at  the apex (relative to the center of gravity) i s  shown in 
Figure 10. The maximum inward velocity of 198 in. / sec .  i s  considerably 
less than the overall velocity of the center of gravity, which i s  between 
360 and 340 in. /sec. throughout the time during which response calculations 
a r e  of interest. #< In Figures 11 and 12 a r e  shown the meridional moment ME 
and the meridional membrane force Ne at the apex of the. shell. The spatial 
distribution of the moment ME i s  illustrated in Figure 13. From the three- 
dimensional pl.ots of displacement and moment, it i s  seen that the maximum 
response occurs at the apex. This is true of all  quantities except the shear 
force Qg , whose maximum follows the peak pressures a s  they propagate 
outwards from the impact point. In Figures 7, 9, 10, and 12 the various 
response quantities a r e  compared in the presence and in the absence of 
interaction. The maxima of the shell responses when interaction i s  included 
are  observed to be between 570 and 1570 lower than when interaction i s  
neglected. The maxima when interaction is  included occur at a considerably 
later time than the maxima without interaction. This retardation must be 
attributed to the attenuation of the pressures during the f irst  few milliseconds 
after the impact. , 
PI' Experimental water impact studies have been carried out by S, Stubbs of 
the NASA Langley Research Center on a l!4-scale flexible model of the 
Apollo Command Module, which has a spherical base, His unpublished 
results show a similar increase in the acceleration of the center of gravity 
of a flexible vehicle. Full-scale tests conducted at North American 
Aviation on simulated Apollo vehicles also indicated a similar phenomenon. 
The comparisons a r e  made involume . 4 of this report. 
'#In Volume 2 of this report, where no interaction was accounted for, the 
maximum velocity of the shell surface relative to the center of gravity was 
over 400 in. /sec. 
In conclusion, for  the s t ructural  model considered, we have observed 
that the pressures  a r e  considerably changed when interaction i s  accounted 
for ,  The s t ructural  response, however, i s  attenuated somewhat, and i ts  
peaks a r e  delayed. Thus, an adequate s t ructural  design might be achieved 
with the neglect of the interaction. It should be recognized, howeve:, that 
this asser t ion would have to  be adequately reinforced by a full parametr ic  
study involving R, Vo, W ,  and the shel l  mater ia l  and geometric proper t ies ,  
An important effect of the interaction is that the acceleration of center of 
gravity of the vehicle i s  nearly twice that predicted when no interaction i s  
present, 
Figure 1. Model o f  Re-Entry Vehicle During Impact. 
Figure 2. Oblate Spheroidal Coordinate System, 
Figure 3. Shell Element. 
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APPENDIX A - AUXILIARY RESULTS 
In this appendix, we shall  present some auxiliary resul ts  which 
compliment the discussion of Vtiume 3 on the hydroelastic interactio:i, but 
were not essential  for  i ts  devel.opment, 
In Table I, we make a detailed comparison between the maxima of the 
responses v-5th and without interaction. The rer.,arks made in the majv 
portion of k - 8  section ho1.d here.  
The average pressure  experienced by the  hell during the impact is  
illustrated in Figure 14, We observe that the effect of interaction i s  to 
attenuate the pzessures  a t  f i r s t ,  and then to increase them above those 
predicted in the absence of interaction. The ave2age pressure  when inter-  
action is  accounted for is between 100 and 120 psi  for about 8 milliseconds 
of the impact. 
In Figures 15 through 21 a r e  shown stereographic pa i rs  of images which 
give the dependence of variou- response quantities with t ime and space. 
There a r e  two views for each composite image: the left an2 the right views. 
By using an appropriate stereographic viewei:, the two images w.iU fuse  into 
a vividly three dimensional irnal;e of the response quantity ir, question, 
The rnaxima .:f the quantities except the shea;. Qg and p res su re  p a r e  
seen to  occur a t  the shell  apex. The pressures  p have a peak which follows 
the edge of the wetted surface. The shear  force Q t  bss  a rnaximurrl at a 
point ofi the shell  corresponding lo the maximum pressure .  This i s  
illustrated in Fig.ure 2 1, 
Table I. Comparison of Results With and Without Interaction 
Response 
Quantity 
With Interaction 
Maximum 
-. 646 in. 
-7403 in. lbslin. 
-7350 lbslin. 
5 
-1.47 x 10 psi 
Time of 
Occurence, 
ms 
-- -- - 
Without; Interaction 
- 
~ a x i m u m  
-. 698 in. 
-8950 in. lbslin. 
-7698 lbslin. 
-1.69 x lo5  psi  
Time of 
Occurence. 
ms  
2. 2 
2.2 
2. 2 
2 .2  
APPENDIX B 
EFFECT O F  USING RIGID-BODY DYNAMICS 
In the foregoing analysis, the variation with t ime of the rigid-body 
velocity V was determined numerically. It i s  of interest  to determine i t  
here  analytically by the introduction of an additional assumption. 
During the impact, the penetrating shell  imparts  some of i ts  momentum 
to a virtual m a s s  of fluid adjacent to it. Over the t ime interval with which 
we a r e  concerned, the kinetic energy of the vehicle and the fluid i s  m x h  
grea ter  than the total energy of the flexible shel l  due to  i t s  deformation. It 
' 
may therefore be assumed that the vir tual  m a s s  of fluid is independent of the 
s t ruc tura l  deformations, and that the center of gravity ol' the vehicle behaves 
a s  though the shell  were rigid. To determine the magnitude of the virtual 
mass ,  we replace the wetted surface of the penetrating shel l  be a flat disc of 
equal radius, Consequently, the vir tual  m a s s  m of the fluid is  
where c i s  given by Equation (6). 
According to the principle of conservation of momentum, the instan- 
taneous velocity V of the center of gravity of the shell  i s  
where Vo i s  the initial impact velocity and M i s  the total mass  of the shell. 
Thus, f rom Equations (Al)  and (AZ), 
where 
Since b = 0 at  t = 0, the solution to EquationA3 is 
b I 1  1 t 2 ~ b ~ ' ~ / 5 ]  = Vote 
For small b, an approximate expression for b may be found a s  follows. Let 
b = Vot ( I  - t ), (A5) 
where a < 1. Then it may be shown by 
- ~ e t u r n i n ~  ow to Equation (A2), the overall velocity V i s  
v =  vo (1 
and the overall acce le ra t i~n  A of the r-sneer of gravity i s  
From this expression, it may be shown that 
at a depth of penetration 
the maximum acceleration occurs 
and, using Equation A4, at a time 
2 
- 
21 3 
= 320 RVo (z) 
By introducing Equation (A7) into the general expression for the 
pressure p on the disc given by Equation (24), it may be shown that, under 
the assumption that the'center of gravity of the shell behaves as  if the shell 
were rigid, 
The p res su re  profiles of Equation ( A l l )  were  applied to the shell  
described in the previous section in o rde r  to determine the effect of the 
assumption that the overall  body dynamics behave a s  if the shell  were rigid, 
and that only the local s t r e s s e s  a r e  affected by the hydroelastic interaction. 
There a r e  two portions of the p res su res  in  both Equations ( A l l )  and (24). 
The f i r s t  t e r m s  a r e  governed solely by the overall  velocity V, and the 
summarions a r e  dependent on both the overall  velacity V and the local shell  
velocities v .  We shal l  here  denote the contribution of the f i r s t  t e r m  a s  the 
rigid-body p res su res  pR. 1% addition, we shall  denote the p res su res  of 
Equation (24) by the subscript 1 and those of Equation ( A l l )  by the subscript 2. 
Figure 22 shows the results of calculations of the p res su res  a t  the apex during 
the impact. It will be observed that pR1 > p ~ 2  but that p l  - p2. Thus, only 
the overall  vehicle dynamics a r e  affected by the secondary assumption, and 
i t  appears that the local shell  response i s  not greatly different under either 
a s  sumption. 
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